We extend the analysis of perfect quantum state transfer beyond one dimensional spin chains to show that it can be achieved and designed on a large class of fractal structures, known as diamond fractals, which have a wide range of Hausdorff and spectral dimensions. The resulting systems are spin networks combining Dyson hierarchical model structure with transverse permutation symmetries of varying order.
Introduction
The study of state transfer was initiated by S. Bose [1, 2] , who considered a 1D chain of N qubits coupled by the time-independent Hamiltonian. The main idea is to transport a quantum state from one end of the chain to the other. The transport of the quantum state from one location to another is called perfect if it is realized with probability 1, that is, without dissipation. In addition to its fundamental interest, this means that perfect quantum state transfer also has potential applications to the design of sub-protocols for quantum information and quantum computation [3] [4] [5] . A number of one dimensional cases, when perfect transmission can be achieved, have been found in some XX chains with inhomogeneous couplings, see [2, 3, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , and references therein]. These models have the advantage that the perfect transfer can be done without the need for active control. Recently there has been active interest to generalize these results to graphs with potentials and to graphs that are not one dimensional [5, [16] [17] [18] . These works illustrate the fact that perfect state transfer is a rare phenomenon, for which the construction of explicit examples remains rather non-trivial.
The main result of our paper is to show that perfect quantum state transfer is possible on the large and diverse class of fractal-type diamond graphs, which have different geometrical properties including a wide range of dimensions. These graphs have provided an important collection of structures with interesting physical and mathematical properties and a broad variety of geometries, see [19] [20] [21] [22] [23] [24] [25] [26] [27] and Figures 1, 2, 4 . The structure of these graphs is such that they combine spectral properties of Dyson hierarchical models and transport properties of one dimensional chains. The methods that we use are discretized versions of the methods recently developed in [23, 24] (see also [29, 30] ), which provides a construction of Green's functions for diamond fractals. Our work is part of a long term study of mathematical physics on fractals and self-similar graphs [20, [31] [32] [33] [34] [35] [36] [37] [38] [39] , in which novel features of quantum processes on fractals can be associated with the unusual spectral and geometric properties of fractals compared to regular graphs and smooth manifolds. 
1-D Chains
We begin with a brief summary of perfect quantum state transfer on 1 D chains [3] . Consider one dimensional Hamiltonians H of the XX type with nearest-neighbor interactions
where J n are the constants coupling the sites (n − 1) and n, and B n are the strengths of the magnetic field at the sites n (n = 0, 1, . . . , N ). The symbols σ x n , σ y n , σ z n denote the standard Pauli matrices which act as follows on the single qubit states |↓ and |↑ :
It is straightforward to see that [H, N n=0 (σ z n + 1)] = 0 and so the eigenstates of H split in subspaces labeled by the number of spins over the chain that are in state |↑ . It suffices to restrict H to the subspace spanned by the states that contain only one excitation. A natural basis for that subspace is given by the vectors |n = (0, 0, . . . , 1, . . . , 0), n = 0, 1, 2, . . . , N, where the only "↑" occupies the n-th position. In this basis, the restriction J of H to the one-excitation subspace is given by the following (N + 1) × (N + 1) symmetric tridiagonal matrix
Such matrices are called Jacobi matrices and, as usual for the theory of Jacobi matrices, we assume that J n > 0 for n = 1, 2, . . . N . Clearly, the action of the operator J on the basis vectors |n gives
for n = 0, 1, . . . , N , where we set J 0 = J N +1 = 0. Now we can see that after some time t the initial state will evolve into the state e itJ |0 . So, in order to transfer an excitation from the site |0 to the site |N there should exist T > 0 and φ ∈ R such that
As was noted in [3] the latter condition immediately implies that the entries of the Jacobi matrix J satisfy the following relations
which is the mirror symmetry of the matrix J. This property can also be expressed in the following way J = RJR, where the matrix R, the mirror reflection matrix, is
Furthermore, in [3] the following necessary and sufficient conditions for state transfer in the chain corresponding to the mirror symmetric Jacobi matrix J was proved: the ordered set of the eigenvalues λ k of J (λ k−1 < λ k ) must satisfy
where T is the state transfer time, and m k is a nonnegative integer, which can vary with k.
As an example we can consider one of the simplest cases of spin chains with perfect state transfer discussed in [6] . To this end, let us set
and so the underlying Jacobi matrix is mirror symmetric and it corresponds to the symmetric Krawtchouk polynomials [40] . Also, it is known that in this case we have that
and, thus, λ k − λ k−1 = 1, which means that the condition (3) is satisfied with T = π. As a result, the corresponding 1D spin system can realize perfect state transfer with the transfer time T = π. For more examples of spin chains with perfect transfer, see [3, 18] and references therein.
Hamiltonians on Graphs
We extend the results mentioned above to a collection of fractal-type diamond graphs. These graphs are no longer one dimensional, so they can be used to study more complex quantum systems as an extension to the 1D spin chain models. Indeed, the diamond fractals can have a wide variety of dimensions for different choices of their self-similar structure. We equip these graphs with a general Hamiltonian that encodes their geometric information and takes the fractal-type diamond graph symmetries into account. Our main result in this paper is to show that perfect state transfer on this collection of fractal-type diamond graphs can be reduced to an appropriately constructed 1D chain. We effectively separate variables into a longitudinal direction and transverse directions related to a hierarchy of permutation symmetries. This separation leads to conditions that are sufficient to both construct and design these general Hamiltonians in such a way that guarantees perfect state transfer. The class of fractal-type diamond graphs studied in [23] is a family of graphs {G l } l≥0 which is characterized by two sequences of numbers: a sequence of branching parameters {N l } l≥0 , and a sequence of segmenting numbers {J l } l≥0 . Each link on the graph branches into a given number of links, and is also segmented into a given number of links. See Figures  1, 2 for some examples that illustrate this structure. These sequences generate inductively {G l } l≥0 in the following sense. At level l we construct G l by replacing each edge from the previous level G l−1 by N l new branches, whereas each new branch is then segmented into J l edges that are arranged in series. For our purposes in this paper, we will initialize G 0 as the one edge graph connecting two nodes. For example let N l = J l = 2 for all levels l ∈ N and G 0 be the one edge graph connecting a node x L with another node x R . A construction of the first three levels is schematized in Fig 2. These graphs are fractal-type in the sense that the sequence {G l } l≥0 approximates a limit graph which is a special diamond fractal, see Figure 1 for higher levels [20] . Let V l denote the set of nodes of the diamond graph G l . We define the mapping Π Π Π Π l : V l → {0, . . . , N } which assigns each node x ∈ V l the number of edges of the shortest path from x to the node x L . For the most standard fractal-type diamond graphs in Figure 1 we have N = 2 l . This is not true in general; e.g., for the fractal-type graph in Figure 4 we have N = 4 l . For level two the mapping Π Π Π Π 2 is demonstrated in Figure 2 . The set of nodes V l is decomposed into a disjoint union of N + 1 intrinsically transversal layers induced by the preimages of Π Π Π Π l , i.e.
In particular, when a node is in the transversal layer Π Π Π Π −1 l (n), then it has an intrinsic distance of n edges to the node x L .
A quantum state on G l is represented by a complex-valued wave function on the nodes V l . The space of quantum states is defined by
which is a Hilbert space equipped with the inner product
where the weights are given by
l (n)| denotes the number of nodes in the transversal layer Π Π Π Π −1 l (n) that contains x. This factor accounts for the transverse degeneracies due to the permutation symmetries at a given level l. We denote by |x the wave function that assigns one to the node x ∈ V l and zeros elsewhere (one-excitation state on G l ). The set of all one-excitation states {|x L , . . . , |x R } form a natural basis for L 2 (G l ). An l-level Hamiltonian on G l is a Hermitian operator H l acting on L 2 (G l ). To encode the geometric information of the fractal-type diamond graph G l in the Hamiltonian, we impose the following assumptions on H l :
• Nearest-neighbor coupling: for x, y ∈ V l , let x| H l |y G l = 0 if x and y are not connected by an edge, i.e. the transition matrix element from quantum state |y to |x is zero if the nodes y and x are not adjacent in G l .
• Symmetric coupling: for x 1 , y 1 , x 2 , y 2 ∈ V l such that both x 1 , y 1 and x 2 , y 2 are adjacent, let
i.e. the transition matrix element are compatible with the intrinsically transversal layers of G l .
This means that we can regard {0, . . . , N } as the set of nodes of a 1D chain. To reduce the perfect state transfer problem from the graph G l to this 1D chain, we introduce the following Hilbert space L 2 ({0, . . . , N }) = {ψ | ψ : {0, . . . , N } → C} equipped with the inner product
Moreover we project a wave function in L 2 (G l ) to a wave function in L 2 ({0, . . . , N }) through averaging its values on the transversal layers,
A simple calculation using the definition of the inner products gives P l ψ|ϕ l = ψ|P * l ϕ G l , where the adjoint operator P * l of P l is defined by
which acts on L 2 ({0, . . . , N }), see Figure 3 . We denote the one-excitation states in L 2 ({0, . . . , N }) by |n for a node n ∈ {0, . . . , N }. Let H l = (H l (x, y)) x,y∈V l be the matrix representation of H l with respect to {|x L , . . . , |x R }. The following result relates the matrix elements of H l to J l . Figure 3 : A diagram to explain the mapping between the Hamiltonian H l on the diamond fractal graph G l and the effective Hamiltonian J l on the associated one-dimensional spin chain. The definition of J l = P l H l P * l : we apply first P * l , then H l , and finally P l .
where deg ± (x) is defined as follows: let x ∈ Π Π Π Π The following result justifies the reduction of the perfect transfer problem from G l to a 1D chain. Theorem 1. If the perfect state transfer on the 1D chain {0, . . . , N } is achieved, i.e. there exists T l > 0 such that e iT l J l |0 = e iφ |N for some phase φ, then the perfect state transfer on G l is also achieved with the same time T l and phase φ, i.e.
Proofs
For the purpose of proving the main results, we introduce first the following auxiliary definitions and lemmas. We define the space of functions ψ ∈ L 2 (G l ) that are constant on each transversal layer Π Π Π Π −1 l (n) for n ∈ {0, . . . , N } and denote it by
l (n) = {x n 1 , . . . , x nm } for some n ∈ {0, . . . , N − 1} and |ψ = |x n 1 + . . . + |x nm , i.e., for x ∈ V l
. By the symmetric coupling assumption on H l we set c n = x n 1 | H l |x n 1 G l = . . . = x nm | H l |x nm G l . Note that any two nodes in the same transversal layer are not adjacent. Similarly, for the neighboring transversal layers, we set c n−1 = x| H l |y G l for any adjacent nodes x ∈ Π Π Π Π −1
l (n) for n < N . One can easily verify the following formula,
where the last case is implied by the nearest-neighbor coupling assumption on H l and deg +,n−1 (or deg −,n+1 ) is the number of edges that connect a node in Π Π Π Π −1
Proof. It follows by the definition of P * l and L 2 sym (G l ).
ψ(x) = 0 for n ∈ {0, . . . , N }.
Proof. It follows with KerP l = (Range P * l ) ⊥ and Lemma 3.
Proof. We decompose ψ = ψ sym +ψ
⊥ . Corollary 4 implies P * l P l ψ = P * l P l ψ sym . Let n ∈ {0, . . . , N } and x ∈ Π Π Π Π −1 l (n). Then ψ sym is constant on the transversal layer Π Π Π Π −1 l (n) and it's averaging gives P l ψ sym (n) = ψ sym (x). Hence, by the definition of P * l , it follows P * l P l ψ sym (x) = ψ sym (x) = Proj l ψ(x). Proof of Proposition 1. Let x ∈ Π Π Π Π −1 l (n) = {x n 1 , . . . , x nm } for some n ∈ {0, . . . , N − 1}. We evaluate the matrix element,
where the last equality holds as |Π Π Π Π −1 l (n)| cancels the weights in the inner product defined on G l . Similar reasoning will give the second part of the statement. Assume y is adjacent to x such that y ∈ Π Π Π Π −1 l (n + 1) = {y n 1 , . . . , y n k },
To prove the third statement, we first observe that the previous computations verify the following equation,
Similarly we can show, 
where P * l = Proj l P * l holds due to Lemma 3 and P * l P l = Proj l due to Lemma 5. Hence,
Note that |x L = P * l |0 and |x R = P * l |N . By Corollary 4 and by the fact that |x L , |x R ∈ L 2 sym (G l ) we conclude,
which implies e iT l H l |x L = e iφ |x R .
6 Conclusions and outlook.
Our construction provides an infinite set of new examples of novel geometries for which perfect quantum state transfer can be achieved. For example, using the spin-coupling values J n in (4) for the simplest case of a spin chain, combined with our Hamiltonian construction in Proposition 1 and Theorem 1, we find perfect quantum state transfer on diamond fractals such as those shown in Figures 1 and 4 . This clearly generalizes to the set of quantum systems on the graphs G l described in Section 3. The basic projection idea is very general and applicable to many other fractal-type graphs, which allows to construct further examples. This opens up the possibility to design perfect quantum state transfer on fractal-like structures with special features. The existence of results for Green's functions for these structures means that other quantum information properties such as fidelity and entanglement can be studied for these fractal structures. Moreover, our approach allows to consider other transport phenomena involving linear and nonlinear, classical and quantum waves on certain graphs, quantum graphs, and fractals. This will be the subject of future research. , [19, 26, 41, 42] .
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